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Abstract:-

In this paper, Pachpatte’s inequality is usediscuss the Ulam Hyers stabilities
for Volterra integrodifferential equations with roaal condition in Banach spaces on
infinite interval. Example is given to show the Aggbility of our obtained result.
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1) Introduction

The Mathematician Ulam had developed the stabiitpblem pertaining to
functional equations (see [[6],[7]]). The Ulam pkain was stated as Under what
conditions there exist an additive mapping nearagproximately additive mapping.
Initially Hyers [9] tried to find answer to the ggi®on of Ulam (for the additive mapping)
in the case of Banach spaces. Thereafter, Raskidsektended Ulam—Hyers stability
concept by introducing new function variables. e tliterature, these concepts of
stabilities are known asUlam stability, Ulam Hyestability and Ulam Hyers Rassias
stability. The basic Ulam stability problem of fuimmal equations has been extended to
different types of equations. It is observed thatWlam stability theory plays an important
role in the study of differential equations, int@grequations, difference equations,
fractional differential equations etc. For any kiofdequations, Ulam stability problem is
about (see [8, 10]) When should the solutions ofegnation, differing slightly from a
given one, must be close to a solution of the giegnation? At the end of 19th and 20th
century, a large number of researchers contribtddtie stability idea of Ulam's type for
various types of differential and Integral equasiohhere are many applications of Ulam's
type stability in tackling problems related to Ogtesn reserarch ,numerical analysis,
control theory, and many more,in such situationgeiban exact solution is very difficult.
For basic development on Ulam stability, see[29718,,12,13,14,15].Rus[15] studied
Ulam—Hyers stabilities for the first order Diffeteal Equationx’(t) = f (¢, x(t).

Using the fixed point technique, Jung [10] provddro-Hyersstability for'(t) =

fctf(t,x(s))ds where c is fixed real number.

The notion of 'nonlocal’ condition has been intretlto extend the study of the
classical initial value problems. It is more precfsr describing nature phenomena than
the classical condition since more informatioraisen into account.see[4-5]The study of
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abstract nonlocal semilinear initial-value problewss initiated by L. Byszewski.
We motivated by work of K.D.Kucche, P.U. Shikha2¢ [
The purpose of this paper is to study Ulam stahdioblem of functional equations
with nonlocal Condition on infinite interval of tHerm:

x'(t) = A(®)x(t) + f (&, x(D), fot g(t,s,x(s))ds), te]=[000] (1.1)
x(0) + H(x) = xq (1.2)
whereA is an infintesimal generator of strongly contins@emigroup of bounded
linear operator T(t) ik with domainD(A4), the unknowrx(-) takes values in the Banach
space X; f:JxXxX-X, g:C(UxJ,X)=X H:C(JX],X)—X are appropriate
continuous functions anxj, is given element of.

The paper is organized as follows: We discussezl pteliminaries. We dealt with
study of Ulam Hyers Rassias stability of VIE witbnhocal condition in Banach space.
Finally we gave the example to illustrate the aapion of our result.

2) Preliminaries

In this section, we recall some necessary defmstiand theorems which will be
used in the sequel see Pazy [1] and Pachpatte[3]

Definition:- A one parameter family’(t),>, of bounded linear operators from
Banach spac& into X is called strongly continuous semigroup (@r semigroup ) of
operators oKX if

*T(0) = I the identity operator,
T(t+s)=T)T(s) =T(s)T(t), t,s=0,
elim, T(t)x =xVx€X

Definition:-The infinitesimal generator of th& semigroupT (t);>, is the linear
operatord: D(A) € X — X defined by

Ax = thrggr T_x, for every x € D(A)
where
D(A) = {x € X: Jim, T(t)tx_x existin X }

Theorem 2.1 ([1])Let T(t);>, IS aC, semigroup There exist constant> 0 andM > 1
such thatl T(t) IS Me®t 0 <t <

Pachpatte’s inequality given below plays crucidia our further analysis.
Theorem2.2 ([[3], p. 39]). Letu(t), f(t) andq(t) be nonnegative continuous functions
defined onR,, andn(t) be a positive and nondecreasing continuous fumatefined on
R, for which the inequality

u(t) s n(t) + fot f[uls) + [, a@u(r)dr]ds
hold fort € R, .Then
u(®) <n®[1+ [ f()exp(f; [f() + q(r)]dr)ds]

fort e R,
3) Ulam Hyers stabilities of Semilinear VIE and its application
In this section, we establish Ulam Hyers staletitof similinear VIE

x'(t) =Ax(t) + f (t,x(t), fot g(t s,x(s))ds), tej (3.1)
x(0) + H(x) = x,, (3.2)
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in a Banach Spad#, II. Il) where
1.] = [0, ]
2. A: X — X is an infinitesimal generator 6§-semigroupl (t):>o in X;
3. fiJ]xXxX—->Xandg:] x]xX - X H:C(J xX) - X are continuous
functions.
Definition 3.1Let T(t)>( is aCy-semigroup of bounded linear operators in X with
infinitesimal generatoA andf € L!(J,X). A functionx € C(J, X) given by
x(t) =T()[xo — H(x)] + fot T(t = $)f(s,x(s), J, 9(s,7,x(1))d1)ds,
is called the mild solution of initial value preiph.
x'(t) = Ax(t) + (£, x(2), [} g(t,5,x(5))ds)
x(0) + H(x) = x, (3.3)

Definition 3.2 Equation (3.1)-(3.2) is Ulam Hyers stable if therasts a real
numberC; > 0 such that for each> 0 and for each solution € C'(J, X) of the inequation
The functionx € B satisfies the integral equation

1y'(t) — Ay(t) = F(t,y(), [, g(t.5,y(s))ds) IS e, t €] (3.4)

3 a mild solutiorx: /] = X in C(J, X) of (3.1)-(3.2) with
Iy —x(®) I< Cre, te] (3.5)
Definition 3.3 Equation (3.1)-(3.2) is Ulam Hyers Rassias stabith respect to
the positive non-decreasing continuous functiohe R, ,if there exist<,, > 0 such that
for eache > 0 and for each solution € C, (], X) of the inequation

1y'(6) — 4y(® — £ (¥, J, 9(t.5,y())ds) IS ep(®), t€] (3.6)

there exists a mild solutiont ] — X in C(J, X) of (3.1)-(3.2) with
Il y(®) —x(t) IS Crypep(t), teE].
Definition 3.4 Equation (3.1)-(3.2) is generalized Ulam Hyers Reasstable, with
respect to the positive non-decreasing continuonstiony: ] € R,,if there exists
Cty > 0 such that for each solutigne C, (J, X) of the inequation

1y'(®) — 4y — £ (30, f, 9(t:5,())ds) IS (o), te]  (3.7)
there exists a mild solutiont ] - X in C(J, X) of (3.1)-(3.2) with
ly(®) —x(@®) IS Crgppp(t), tE€] (3.8)
Remark 3.1
A functiony € C1(J, X) is a solution of in equation (3.4) if there exiatfunction
h € C(J,X) (which depends op) such that
LIh@®)I<Sete].
2.y'(t) = Ay(6) + (£, y(®), [ 9(t,5,7(s))ds) + h(t),t €].
Remark 3.2
If y e Cl(J,X) satisfies inequation (3.4) then is a solution of the following
integral inequation:

1 y() = Ty = HO = J, T(t = )f (5, ¥(5), [y 9(s,7,y(x))dr)ds I
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<ef IT(t—s)llds witht€J(3.9)
indeed ,ify € C'(J, X) satisfies inequation (3.4) by Remark 3.1, we have

y'(t) = Ay(t) + f (£, y(0), fot g(t,s,y(s))ds) + h(t),t €] (3.10)

This implies that
t

y(©) =T [yo — HO] + [, Tt = )[f (5, ¥(5), [, g(s,7,y(1))dr) + h(s)]ds  (3.11)
Thereforell y(t) — T(O)[yo — HO) + J, T(t = )IF(5,9(5), [; g(s,7,y(x))dD)]ds I

< i WT(t =) Il h(s) Il ds (3.12)

<ef IT(t—s)llds (3.13)

We list the following hypothesesginand g, H for our convenience:

(H1)' (i) Let f € C(]0,») X X x X,X) and there exists nonnegative continuous unction
L(-) € L*[0,0)such that
I f(t,x1,x2) = f(&,y,¥2) 1< LU 3 —y1 1+ 11 x3 — 2 D).

(i) Letg € C(J0,+) X [0,4+0) x X,X)and there existsnonnegative continuous
functionG () € L[0, +) such that
lg(t,s,x)—gt,s,y)I< G@) Il x;—y, Il forall t,s€l,x;,y; €X(i=12).

(iif) For positive, non-decreasing continu@msl bounded functioH: C(J X J,X) —» X
there exist positive constakit € R such thatll H(x) — H(y) Il < K; Il x — y llIfor every
x,y € X.

(H2)' The functior : [0, +) — R,is positive, non-decreasing and continuous and
there existsA > 0 such thafot Il T(t—s) lp(s)ds < Ap(t),t € [0, +)

4) Main Result

In this section ,we prove the fundamental result.

Theorem:-Let f and gin (3.1) satisfy the hypothes{$i1)’ and assun{&l2)’ that
hold. Then Eq. (3.1) is Ulam—Hyers—Rassias stafile respect tap

Proof. Lety : [0,4+o) — R, be a positive, non-decreasing and continuousfonctiet

y € C1([0, + =0),X )satisfies inequation

ly'(®) — Ay(©) — f (t.y(t). fo tg(t. 5,(5)) d5> | < ep(t),Vt€[0,+)
Then usingH2)' and proceeding a;s in Remark 3.2, we (s)btain
Iy(©) = TOlo ~ HO)] = | (¢ =9)f (s. y(s), | gsm .y(r))dr) ds||
< elP(t)Vte[0,+) (4.1)
If x € C([0, + =),X)be the mild solution of the problem
x'(t) =Ax(t) + f <t, x(t), ftg(t,s,x(s))ds> V't € [0, +0),

x(0) = y(0).
xo—H(X) =yy—H()
Then we have
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x(t) =T@)[xo — Hx)] + ftT(t —9f (s, x(s), fsg(s, T, x(r))dr) ds
0 0

x(t) =Ty, —HWY)] + fOtT(t - s)f(s,x(s), fosg(s, T, x(r))dr)ds (4.2)
Using Eg. (4.2), inequation (4.1) and the hkpsis (H1)', we get

Iy(©) =1l < Iy(©) = TOlyo ~ HG)] - | T 9)f <s, «o), [ olsr x(r))dr) ds
< lly(®) = T lyo — HE)] - f -5 <s, x(s), f e x(r))dr) ds
+ fOtT(t —s)f <s, y(s), j:g(s, T, y(r))d~5> ds
-| T(e-9f <s, G, | o5 y(r))d7> s

In above step we add and substract one term.Usjg{# get.

ly(®) = x(O] < eMp(e) + f Mew 9 [ (s) x (uy(s) — X&)l + f GOy —x(r)n]dr) ds
0 0

Applying Pachpatte’s inequality given in Theoréh®)to above inequality with
u(t) = [ly(®) = x(®O|,n(t) = exp(t), f(s) = Me®t9L(s),q(r) = G(r) holds for
t €[0,+00) Then

ly(t) —x(®)]| < ery(t) [1 + ftML(s)e“’(t‘S)exp (fS[ML(T)e“’(t‘T) + G(T)]d‘[) dsl
0 0

< elyY(t) ll + ftML(s)e“’(t‘s)exp (fw[ML(T)e“’(t‘T) + G(T)]d’[) dsl
0 0

By puttingCr, = A [1 + fot ML(S)e“’(t‘S)exp(me[ML(T)e“’(t‘T) + G(T)]dr)ds]
We obtain||y(t) — x(t)|| < ep(£)Cry ¥t € [0, + )
This proves Eg. (3.1) is Ulam—-Hyers—Rassiablstavith respect to the functigh

The proof ends. O
Corollary :- Let f and g in (3.1) satisfy the condition(H1)" and assume that
(H2)'hold. Then Eq. (3.1) is generalized Ulam-HyBassias stable withrespect 4o
onJ = [0, +o).
Proof.Takinge = 1in the proof of Main Theorem , we obtain.

ly(©) = x(OI| < Cryp(0), ¥ t € [0, + )
Therefore, (3.1) is generalized Ulam—-Hyers—Rasstable with respect to the
function ¢ on J = [0, 4+).
Remark 3.3:- Equation (3.1) is not Ulam—Hyers stable tbe intervall = [0, +0).
5) Application
We provide the following example in support theargument we made in Remark 3.3.
Example Consider the initial value problem for VIB the Banach spacgR,| - |)
with infinitesimal generatod = 0:
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2 45 5 24 (¢t
! — _ . _ . 3
x'(t) = T cos(x(t)) 7sm (B(x(t))) + z Lsm (x(s))ds,
vt € [0,4).(5.1)
x(0) +x(e™+1)=0 (5.2
Therefore,in this example we have
A =0,
t 2 45 5 24 (¢t
f t,x(t),f g(t,s,x(s))ds =—-— —cos(x(t)) — —sin (3(x(t))) + —f sin3(x(s))ds,
o 5 7 7 7 Jo
24
g(tsx(s)) = 7sin3 (x(s)),
And H(x) = x(e'™ + 1)
Where domains of functions as given below
f:[0,+0) X RXR - R,g : [0,+) X [0,+) X R - R.,H: C([0,+) X R) - R
Then the initial value problem (5.1)—(5.2kda the form
xXt)=f (t,x(t),fotg(t,s,x(s))ds) vVt €[0,+00),
x(0) + H(x) = x,
Note that:
(i) For anyt,s €[0,4+0o0) andx;,y; € R we have
l9(tsx1) — g(ts.y)| < = |sin®x; — sin®yy]. (5.3)
Applying mean value theorem to the functicin3x on [x,y] with x<y

in3. _cin3
where x,y € R, there exist € (x,y) such that %
Therefore, |sin3x — sin3y| < 3|x —y]|. (5.4)
From (5.3) and (5.4), we haygt,s,x;) — g(t,s,y1)| < §|x1 — il
(i) Let anye[0, +) and x4, x5, ¥1,¥> € R. Then we have
45 5 . .
If (Ex1,%2) — F(EyLY2)l < {7| cosx; — cosyy | + - sin3x; —sin3y, |} + X2 —y2l <

45 5
{7|x1 -yl +;|3x1 - 33’1|} + |x; — ¥,

= 3sin?(o) cos(o).

60
=< 7{|x1 =il + |xz — y2l}
Next, for anyg >9 we see that(t) =§ satisfy the following inequation

| y'(@©—f <t.y(t). f g(t,s.y(s))ds>|

2 45 5 24 (¢
= |y’(t) ~z + 7cos(y(t)) + 7sin(3y(t)) — 7-]; sin3(y(s)) ds

<8.9952 <€
But for any solutionx(t) of Eq. (5.1) we have
|x(t) —y(®)| = |x(t) —%I < |x(t)| + % — ooas t - .Thus, Eq. (5.1) is not
Ulam—-Hyers stable oft), +).
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6) Conclusions
in this paper, Pachpatte’s inequality is used t@abdished result on the Ulam Hyers
stabilities for Volterra integrodifferential equais with nonlocal condition in Banach
spaces on infinite interval. Example is given t@whthe applicability of our obtained
result.
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